We study the influence of non-Markovian electron-acoustic-phonon scattering on the vacuum Rabi splitting of a semiconductor single-quantum dot and a planar photonic crystal nanocavity. The regimes of strong coupling and side-coupled light transmission are explored as a function of temperature. At elevated temperatures, when the quantum dot has left the strong-coupling regime, a spectral splitting continues to be observed in transmission. The effects of non-Markovian scattering are shown to significantly vary the characteristic transmissivity compared to purely model Lorentzian line shapes for the electron-phonon interaction.
I. INTRODUCTION
Planar photonic crystal ͑PC͒ nanocavities ͑NCs͒ formed by spatial defects possess large quality factors ͑Q Ͼ 10 6 ͒ and low effective mode volumes ͑V ϳ 0.05 m 3 ͒ as shown by Akahane et al. 1 for a Si-based structure. These large Q / V-ratio cavities are important for studying fundamental cavity-quantum electrodynamics ͑cQED͒ and for applications in quantum information science using compact solidstate devices. Recently, single semiconductor quantum dot ͑QD͒ vacuum Rabi splitting 2 and the deterministic coupling of QDs to PC nanocavities have been realized. 3, 4 It has also been predicted that the integration of PC waveguides ͑WGs͒ into such photonic structures allows one to modify the propagation of light that is side coupled to a QD within a NC, yielding signatures of vacuum Rabi splitting 5 and dipoleinduced transparency. 6 While these complex nanophotonic regimes have been theoretically discussed using simplified light-matter interaction theories with two-level emitters, a comprehensive understanding of the photonic coupling effects requires the inclusion of decoherence and scattering effects induced by the surrounding media. A typical example is the quantum confined electron-hole pair coherence in QDs interacting with acoustical phonons at elevated temperatures. While QDs in microcavities in the absence of electron-phonon scattering 7, 8 and the basic influence of electron-phonon scattering for single QDs in a homogeneous semiconductor environment [9] [10] [11] [12] [13] are well understood, only a few works on the impact of electron-phonon interaction on QDs in nanocavities exist. 14, 15 Despite these works, where phonons are treated by either ͑polaron Green functions and͒ spectral density functions 14 or on a level of a phase diffusion model, 15 the precise role of temperature on QD emission in PC structures remains unknown. In this work, we investigate the impact of an acoustical phonon bath on the transmission spectra of a NC containing a QD side coupled to a PC waveguide. By employing the independent Boson model ͑IBM͒ ͑Refs. 10-12 and 16͒ for the electron-phonon interaction, coupled to a photon Green function technique to include the PC, a numerically exact solution within a semiclassical theory is found.
II. WAVEGUIDE FIELD TRANSMISSION
We first introduce the essential formulas to describe the transmission spectra of a planar PC WG coupled to a NC, including a semiconductor QD. The photonic structure that we study is shown schematically in Fig. 1 . The planar PC is made up of air holes in a dielectric semiconductor medium and the WG is formed by a one-dimensional ͑1D͒ line defect of missing holes. This leads to a defect mode in the photonic band structure, which lies within the photonic band gap. The WG modes of interest do not couple to the continuum of radiation states above the light line and hence light can be transmitted through the structure almost lossless ͑neglecting disorder-induced extrinsic scattering 17 ͒. In close proximity we find a point defect where the electromagnetic field is spatially located ͑confined͒ and so forms a NC. Due to the spatial overlap between waveguide and nanocavity modes, E WG ͑r͒ and E NC ͑r͒, the latter can couple into the WG. When placing a QD inside the NC, significant changes in the optical behavior occur.
The emission properties of a complex photonic environment can be described within a Green function tensor ͑GFT͒ formalism. 18 The GFT G͑r , rЈ , ͒ corresponds to the E field response at rЈ to an oscillating dipole at r as a function of frequency . The solutions for the electric-field propagation through the nanostructure can be written in terms of the GFT that satisfies ͓١ ϫ ١ ϫ − 2 / c 2 ͑r , ͔͒G͑r , rЈ , ͒ = 2 / c 2 1␦͑r − rЈ͒, with 1 as the unit tensor. Following Ref. 5 with a given susceptibility ͑r , ͒ ͑including the PC, WG, and NC͒, the solution for the GFT can be found by expanding G into the cavity and waveguide modes of the system, E NC and E WG . One obtains G = K − ␦͑r − rЈ͒ / ͑r , ͒, where
; the modified GFT K includes only quasitransverse modes and avoids divergences in Re͓G͑r , r , ͔͒ while, under the assumption of a real valued susceptibility ͑r , ͒, the identity Im͓G͑r , rЈ , ͔͒ =Im͓K͑r , rЈ , ͔͒ holds. 19, 20 It is also presumed that the WG and NC resonances are spectrally located deep inside the photonic band gap of the PC and that they are weakly coupled to each other. For the WG and NC under consideration, the weak-coupling assumption is justified since one usually seeks to maximize Q. This scenario insures that the signal transmitted through the waveguide represents the response of the NC or, if the QD is added, the vacuum Rabi splitting signal of the NC and QD.
To derive the corresponding transmission spectra, a NC without a QD but side coupled to the WG is considered first. Given by the amplitude ratio of the field ͑polarization direction unit vector e k ͒ far right of the cavity and the injected forward propagating WG mode, the complex frequencydependent transmission coefficient t͑͒ is obtained, t͑͒
where NC is the cavity resonance frequency and ⌫ NC 0 is the bare mode decay rate accounting for intrinsic out-of-plane scattering. Additionally, ⌫ NC ͑͒ is the coupling rate between the waveguide and cavity modes. For vanishing coupling, the WG transmission is one. For planar PCs, typically ⌫ NC is much larger than the bare ⌫ NC 0 . Since the quality factor of a cavity is, in general, defined as Q = ͑cavity frequency͒ / ͑cavity linewidth͒, we will, consistently with experiments, 21 employ the two distinct quality factors ⌫ NC = NC / Q c and ⌫ NC 0 = NC / Q 0 instead of calculating ⌫ NC explicitly. Thus Eq. ͑1͒ has a typical Lorentzian oscillator line shape ͓cf. solid curve in Fig. 2͑b͔͒ . We now consider a QD that is embedded into the NC. By exploiting a Dyson equation for the GFT of the QD, 5 we derive a modified transmission coefficient:
͑2͒
with the renormalized QD susceptibility ⌬ d re , which accounts for the radiation self-energy of the QD within the complete photonic structure, given by
Here, V d is the QD volume, ⌬ d 0 the solution for a bare QD in the presence of electron-phonon scattering, addressed below, and n d is the unit vector in direction of the QD dipole moment. Since the latter is usually measured experimentally first to be aligned maximally with the cavity mode ͑here in y direction, hence n d = e y ͒, we get the dominant component ͑cavity contribution͒ for the dot location r d at the field antinode position as
The effective mode volume is V and b is the background relative permittivity of the QD host material. Finally, we also obtain the vertically scattered light emission at some arbitrary detector position R, from
emphasizing the important role of the propagator G͑R , r d , ͒, which is proportional to K͑r d , r d , ͒ near the PC nanocavity. The dot product ensures that the directional dependence of the QD dipole moment is taken into account, which should be optimally aligned with the polarization of the target cavity mode.
III. CONSTANT DEPHASING RATE MODEL
We briefly discuss the results of Eq. ͑2͒ for the bare permittivity ⌬ d 0 including a phenomenological dephasing constant ␥ 0 instead of a microscopically derived phonon mediated decay:
Here d is the resonance energy of the QD electron-hole pair, including a homogeneous vacuum Lamb-shift ͑arising from 
Shown are results for decreasing mode decay rate ⌫ NC 0 , i.e., increasing Q 0 ͑=3000, 5500, 10 000, and 50 000͒ of the cavity. The QD starts to enter the strong-coupling regime at Q 0 Ϸ 5500. In transmission the formation of the pronounced splitting can be observed. For comparison, the single peaked solid curve shows the transmissivity with no QD present.
widths of the QD and NC must be narrower than the VRS of 2⍀. Since the VRS ⍀ is a measure for the coupling strength, the QD is in the so-called strong-coupling regime when a splitting is observed. 22 In this context, note that single-QD VRS differs from many-atom VRS found for quantum wells in Fabry-Pérot microcavities. 22, 23 To distinguish true strongcoupling and many-atom VRS, the latter is often termed normal-mode splitting.
With a coupling quality factor of Q c = 6000 and a cavity quality factor of Q 0 = 10 000, a clear VRS splitting and a splitting in transmission ͉t͉͑͒ 2 is visible ͑cf. Fig. 2͒ . Further increasing Q 0 does not lead to new spectral features but simply to a more pronounced double peak structure. Although extremely high quality factors up to several hundred thousands have been demonstrated recently, 21 we will restrict ourselves to Q 0 = 50 000. We note already that while the transmission exhibits two distinct peaks at Q 0 = 5500, the corresponding emission shows no splitting at all. Clearly, by comparison of Figs. 2͑a͒ and 2͑b͒, it can be seen that the applicability of transmission spectra for observing the true strong-coupling regime ͑VRS in ͉E vert ͉ 2 ͒ is limited since splitting in the transmission is not necessarily VRS in the response ͉E vert ͉ 2 ͓cf. Eq. ͑4͔͒. A more detailed discussion is found at the end of the next section.
IV. ELECTRON-PHONON SCATTERING
To obtain a microscopical model for the dephasing adjusted in Fig. 2 by a simple time "T 2 ", we now focus on the bare QD dielectric function ⌬ d 0 in the presence of electronphonon scattering. To account for the major dephasing mechanism in QDs with well separated quantum confined energy states, we include the coupling to incoherent bulk phonons. In particular the interaction of the QD electrons with longitudinal-acoustic ͑LA͒ phonons via deformationpotential coupling 9,12,25 is considered. The bare permittivity ⌬ d 0 can be calculated from the macroscopic polarization P and the driving electric field E, through P͑͒ = 0 ⌬ d 0 ͑͒E͑͒, where P is determined from the dipole moment d 12 of the confined electron-hole transition, weighted by the density-matrix elements 12 : P͑t͒ = V d −1 ͓d 12 12 ͑t͒ + d 21 21 ͑t͔͒. Electron-LA phonon scattering leads to "pure dephasing" of the coherent polarization. For a single excitonic level and a phonon bath, the theoretical model system ͑IBM͒ can be solved exactly and phonon processes up to infinite order are taken into account. Excitation with a ␦ pulse leads to an analytic expression for the phonon-induced temporal decay of the polarization 10, 12 given by
For the LA phonons we consider a coupling via the deformation potential with the electron-phonon coupling element 10 g vc q . The temperature T thus enters via the thermal Bose distribution n q ͑T͒ and q is the corresponding LA phonon dispersion with wave number 26 q.
The QD spectral absorption ␣͑͒ ϰ Im͓⌬ d 0 ͔ can be numerically obtained by a Fourier transform of Eq. ͑5͒, shown in Fig. 3 . In contrast to the previously used purely Lorentzian QD permittivity by Hughes and Kamada, 5 we obtain, besides the spectrally very sharp Lorentzian zero-phonon line ͑ZPL͒, nontrivial broad sidebands due to ͑i͒ the dispersion of the involved LA phonons for low temperatures and ͑ii͒ nonradiative dephasing at elevated temperatures ͑50 and 300 K͒. The broadening of the ZPL is added by a phenomenological dephasing ␥ ZPL = ␥ rad + ␥ nonrad , accounting for experimental results of Borri et al. 24 These ZPL broadening mechanisms, e.g., due to anharmonicity effects, 25, 27 phonon scattering from interfaces, 28, 29 or modified phonon spectrum 30 leading to ␥ nonrad are widely discussed in the literature.
Using the results of Fig. 3 , we can now calculate the renormalized QD permittivity ⌬ d re ͓Eq. ͑3͔͒ and subsequently investigate the role of electron-phonon scattering on the complete-system spectra ͓scattered light ͉E vert ͉ 2 and transmissivity ͉t͉͑͒ 2 ͔, as shown in Figs. 4͑a͒ and 4͑b͒. At low temperatures ͑7 K͒, the familiar VRS of 2⍀ is seen for both ͉E vert ͉ 2 and ͉t͉͑͒ 2 . The spectra are slightly asymmetric ͑lower for positive detuning͒ even for 7 K. This is due to the asymmetric phonon sidebands in the QD susceptibility caused by spontaneous phonon emission, allowing optical absorption energetically above the QD resonance and subsequent emission of a phonon. With rising temperature ͑blue to red͒, the interaction of the dipole transition with acoustical phonons, as well as the ZPL dephasing, increases. Consequently, each peak is further broadened, causing the peak height to drop and ultimately the VRS in ͉E vert ͉ 2 vanishes
Ref. [5] The narrow ZPL on top of the phonon sidebands is broadened by a damping ranging between 630-6 ps in agreement with experiments ͑Ref. 24͒. For T = 7 K, the typical asymmetry in the absorption due to spontaneous phonon emission can be seen. The inset shows the temporal evolution of the QD's polarization P with two distinct time scales: a fast initial phonon-induced decay within picoseconds and a very slow radiative decay on a nanosecond time scale.
above 100 K ͓cf. Fig. 4͑a͔͒ . Interestingly, from Fig. 4͑b͒ , the waveguide transmission maintains two characteristic peaks even when dephasing above 100 K is strong. In both spectra, the observed dip becomes spectrally narrower than 2⍀ at elevated temperatures. Next, we discuss both observations ͓dip narrowing ͑i͒ and the transmission dip ͑ii͒ remaining at elevated temperatures͔.
͑i͒ In order to get a better insight into the influence of the phonon bath on the spectra especially the transmission gap narrowing for higher temperatures, we consider an analytic limit: Derived via the equations of motion in correlation expansion for a one-phonon process only, it is possible to find an analytic solution in the linear limit 10, 31 for the polarization 12 ͑͒. In Fourier space it is given by 12 
The material response to an incident field E, included here in the Rabi frequency ⍀͑͒ = ͉d 12 ͉E͑͒ / ប, is basically given by a Lorentzian, as used for the dephasing rate model to include the ZPL linewidth. 25 In addition the sum in the denominator of Eq. ͑6͒ ͑a superposition of phonon-induced Lorentzians for occurring virtual processes͒ gives rise to a nonLorentzian line shape of 12 ͑͒. The imaginary part of the sum,
contributes to the dephasing leading to ␥͑ , T͒, whereas the real part gives a frequency-dependent shift of the oscillator strength due to the electron-phonon interaction induced selfenergy. The latter is shown in Fig. 5 . Since this simple analytic model of a correlation expansion up to second order ͑one-phonon process͒ fails for temperatures above 50 K, 10, 12 results for higher temperatures are not shown. Still a very clear trend can be seen: For negative ͑positive͒ detuning, the line shift is toward higher ͑lower͒ energies. It becomes more pronounced for elevated temperatures. Therefore we attribute the VRS narrowing to self-energy shifts induced by the electron-phonon interaction. Within the full IBM where an infinitive number of phonon processes is included, this effect is enhanced. Due to the shift in opposite direction, the splitting in both ͉t͉͑͒ 2 as well as in the vertically scattered light emission narrows with rising T.
͑ii͒ The observed transmission splitting narrower than 2⍀ for higher temperatures in weak coupling ͑for vanishing VRS in the scattered light͒ suggests that another physical process is involved at these temperatures: Our results are in agreement with phenomenological results of Waks and Vuckovic, 6 where a similar effect was observed for a dipole placed in a drop-filter cavity. They show in detail that a splitting in the transmission does not require VRS in the strong-coupling limit because transmission splitting can be understood as an interference effect within a three-level system: A WG-NC-QD system can be mapped on the problem of electromagnetically induced transparency, 32 where spectral dips are due to destructive interference from the coherent coupling within a three-level system for parameter ranges in the weakcoupling limit. For a detailed analysis, we refer to Ref. 32 .
Analyzing the scattered light emission and transmission, it is obvious that caution must be exercised when assuming that transmission spectra give any true signature of the strong-coupling regime.
Nevertheless, as shown recently, the spectral dips in transmission on its own offer some unique light-matter transmission control such as very slow and fast light regimes, 33 and that the qualitative and quantitative effects of electronphonon scattering should be considered.
V. CONCLUSION
To conclude, a theoretical formalism that accounts for both electron-phonon and electron-light interaction for the WG transmission within "all-integrated" PC chip has been presented. Our approach allows one to explore the temperature dependence of both the VRS between NCs and the optical properties of embedded single QDs in a straightforward manner. Most notable we predict that strong coupling in emission is lost for temperatures of about 100 K and a shrinking of the VRS with increasing temperature. In an experiment this regime may be left at even lower temperatures ͑Color online͒ ͑a͒ Temperature dependence of the VRS for Q 0 = 50 000 and Q c = 6000, including electron-phonon coupling as well as temperature-dependent ZPL. The vanishing VRS shows that the strong-coupling regime is left at approximately 100 K although it remains a clear splitting in ͑b͒ the transmission spectra T͑͒. Finally, at room temperature, both spectra clearly lack of VRS. Note the slight asymmetry of the peak heights even for very low temperatures. The white line is a guidance for the eye to emphasize the peak position. due to other dephasing mechanisms, e.g., impurity scattering or ionization of the QD electron. Depending on the details of the cavity, an interference splitting of the light transmission survives up to much higher temperatures, leaving the WG highly transparent at the dipole resonance frequency, which is important for slow light applications and light propagation control.
